Abstract-The small perturbation method (SPM) is applied to study thermal emission from a layered medium bounded by a slightly rough interface. Brightness temperatures are calculated to second order in surface height, including both specular reflection coefficient corrections and incoherent Bragg scatter terms. Unlike the homogeneous medium case, in which the SPM applied for emission predictions produces an expansion in surface slope, the theory remains a small height expansion, and convergence of the series is shown to depend on properties of the layered medium. Results from this theory can be applied in studies of soil moisture, sea ice, or sea surface remote sensing and buried object detection with microwave radiometers.
I. INTRODUCTION

M
ODELS for microwave thermal emission from deterministic or statistically described rough surfaces are of interest in passive remote sensing of soil moisture, sea ice, and the ocean surface. Several models for thermal emission from a rough surface bounding a homogeneous medium have been developed previously [1] - [6] , primarily through application of standard surface scattering approximate methods to calculate surface emissivity using Kirchhoff's law. Models based on both the small perturbation method (SPM) and the physical optics (PO) approximation have been presented. A recent work [7] has further revealed that use of the SPM for emission from a rough surface bounding a homogeneous medium results in a small slope (rather than small height) emission approximation identical to that which would be obtained from the small slope approximation of [8] . The SPM can thus provide accurate emission predictions even for surfaces with large heights in terms of the electromagnetic wavelength. Numerical tests of the SPM for a set of canonical periodic surfaces have confirmed this statement [9] . These results motivate use of the SPM/small slope approximation (SPM/SSA) for the study of homogeneous medium thermal emission. However, the SPM for emission from a rough surface bounding a layered medium has apparently not previously been considered. This problem is potentially more relevant to soil moisture remote sensing studies given the variations in soil moisture content with depth which typically occur. A Manuscript received July 23, 1999; revised June 15, 2000 . This work was sponsored by the Office of Naval Research, Washington, DC, Contract N00014-97-1-0541, National Science Foundation, Washington, DC, Project ECS-9701678, and by a Grant from Duke University, Durham, NC, as part of the OSD MURI on Humanitarian Demining.
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model for emission from a layered medium bounded by a rough interface could also be applied to model sea water covered with foam, ice, or other materials, or used to estimate surface clutter influences on microwave radiometry systems for buried object detection [10] , [11] . The SPM has previously been applied to study backscattering from a layered medium bounded by a slightly rough interface [12] - [16] and results demonstrated that the presence of a layered medium can cause significant changes in first order surface scattered fields. An approximation for modifying two layer medium surface scattering predictions to the case of a finite object buried beneath a rough interface was also suggested in [12] for application to ground penetrating radar problems.
In this paper, the results of [12] , [13] are extended to enable calculation of thermal emission from a slightly rough interface bounding a layered medium. Note that studies of thermal emission require both the first order SPM terms as in [12] , [13] and also second order corrections to the specular reflection coefficient [2] . These quantities are derived and presented in Sections II and III. As in the homogeneous medium case, the resulting expression for the rough surface-induced correction to flat surface brightness temperatures is expressed in terms of an integral over the surface directional spectrum multiplied by a "weighting" function [17] . Studies of the weighting functions allow properties of the emission physics to be inferred independent of the surface statistics considered. Consideration of the weighting functions for isotropic (i.e., azimuthally symmetric) surfaces in Section IV reveals that a small height and not small slope expansion is obtained in the layered medium case, and convergence properties of this series are discussed. Studies of the weighting functions for azimuthally asymmetric surfaces in Section V again show a small height expansion for the second and higher azimuthal harmonics of all polarimetric brightness temperatures. Sample results applying the theory are presented in Section VI, and implications of the study considered in Section VII.
II. FORMULATION
A systematic solution of SPM equations for scattering from a rough surface bounding a homogeneous medium has recently been developed in [18] . This procedure applies the Rayleigh hypothesis to study scattered and transmitted plane wave amplitudes from a periodic surface excited by an incident plane wave, as in the original SPM formulation of [19] . SPM results for a nonperiodic surface are obtained in the limit as the surface periods become large following [19] , [20] . The same procedure is applied in this paper for a rough surface bounding a layered 0196-2892/01$10.00 © 2001 IEEE medium. The details of the procedure are very similar to [18] , so only the basic formulation and results from the method are summarized here.
Consider a zero mean periodic surface profile with periods and in the and directions, respectively, which separates free space in region zero (permittivity , permeability ) for from region one, a homogeneous nonmagnetic dielectric medium with permittivity for . Initially, a two layer configuration is considered, with Region 2 for a homogeneous nonmagnetic dielectric medium with permittivity as illustrated in Fig. 1 . Extension to a multilayer medium is straightforward and will be described below. The periodic surface can also be expressed in terms of its Fourier series coefficients
Consider an incident electromagnetic plane wave that illuminates this periodic surface from the free space region, with electric and magnetic fields given by (3) (4) where represents the polarization vector of the incident electric field. (5) represents the propagation vector of the incident plane wave with wavenumber .
is a position vector in Cartesian space, and is the impedance of free space. Note an time convention is assumed.
Under the Rayleigh hypothesis, the scattered field in region zero consists of a sum of upgoing plane waves (or "Floquet modes"), which can be written as (7) (8) while fields in region one consist of both upgoing and downgoing plane, waves which can be written as (9) (10) where is the impedance of the lower medium. Note that all sums are assumed to be from to unless otherwise notated. Fields in region two consist only of downgoing plane waves, written as (11) (12) where is the impedance of the lower medium. In the above equation, , , , , , , , and are the unknown complex amplitudes of the Floquet modes in each region. Plane wave propagation vectors are defined by the Floquet theorem as (13 which defines the lower layer reflection coefficients and , respectively. These definitions make the generalization to a layered medium below the rough interface clear. and are simply replaced by the reflection coefficients of the layered medium below . Expressions for and are no longer correct in this case, but since thermal emission can be computed from the reflectivity in the region zero (i.e., in terms of and only), it is still possible to compute brightness temperatures for the layered medium by modifying only these reflection coefficients.
Substituting the above relationships and the Rayleigh hypothesis fields from (7)- (10) Note that the above equations (which have two components each) provide four scalar equations for the four scalar unknown functions , , , and , with unknowns , , , and determined from (34)-(39).
At this point, a small height expansion is used by expanding the exponentials in the above equations in power series (42) and by substituting a perturbation series for the unknowns (43) with similar definitions for , , and . Perturbation series terms are defined so that the th term is of order or equivalent combinations of and its derivatives since ( ) and ( ) are assumed to be the same order as .
III. SOLUTION OF SPM EQUATIONS
The systematic procedure for solving SPM equations described in [18] is applied to (40) and (41) once the perturbation series is substituted. Solutions at the zeroth order are found to consist only of the specular plane waves in each region (represented by 0), with fields in region zero given by
for a horizontally polarized incident field (i.e., ), while
for a vertically polarized incident field. The above equations are the total reflection coefficients at 0 of the layered medium with a flat surface and and also involve (48) A general form for first order solutions is 
while the terms in brackets are due to the presence of the layered medium. Note these terms become unity as the reflection at vanishes (i.e., and approach zero), and first order results for a homogeneous medium are obtained. These results illustrate the "Bragg scatter" phenomenon of first order perturbation theory, since scattered fields at a particular angle [i.e., ] are directly proportional to the amplitude of a particular surface Fourier component. Equations (50)-(53) are identical to those in [12] when backscattering is considered but apply for general bistatic scattering angles.
A second order correction to the specularly reflected fields in region zero can also be derived as (56) where or , and is a corresponding function. For a horizontally polarized incident field, see (57) and (58), shown at the bottom of the page. For a vertically polarized incident field, see (59), shown at the bottom of the page, and is 1 times for horizontal incidence in (58). The above results reduce to the second order specular reflection coefficient corrections described in [2] when the reflections at vanish, except for a minus sign difference in cross polarized terms due to differing coordinate systems.
(57) (58) (59) Polarimetric brightness temperatures of a periodic surface can be calculated through the application of Kirchhoff's Law (60) where and are the brightness temperatures measured by horizontally and vertically polarized antennas, respectively, and are proportional to the real and imaginary parts of the correlation between fields in horizontal and vertical polarizations, respectively ([2]), and refers to the layered medium physical temperature in Kelvin (assumed constant throughout the layered medium). Total reflectivities for the periodic surface to second order in surface height are shown in (61), at the bottom of the next page, where the first term is the reflectivity of the layered medium with a flat interface, and the following two terms are the Bragg scattering and reflection coefficient correction contributions, respectively. In the aforementioned equations, the subscripts and refer to functions with horizontal incidence and vertical incidence, respectively, while and refer to functions with horizontal and vertical incidence, respectively. Note that both of the summations are in terms of sums over the periodic surface power spectral density and can be combined into a single term that expresses the correction to brightness temperatures caused by surface roughness. In the limit that surface periods become large compared to both the electromagnetic wavelength and any roughness features, the sums can be replaced with integrals over the continuous power spectral density , where and . The final result for continuous surface brightness temperatures is shown in (62), at the bottom of the page, where the new functions include both the Bragg scatter and reflection coefficient correction terms described previously and are functions of the radiometer polar observation angle , the radiometer azimuthal observation angle , the layered medium properties , , and , and the integration variables and . Note also that a coordinate shift has been made in the above integration: functions are evaluated as in (61), except that and . The dependence of the functions on is found from (61), and the dependence on is replaced by a dependence on and at in the case of a general layered medium. Equation (62) expresses the brightness temperature of a layered medium bounded by a slightly rough interface in terms of the brightness temperature of the layered medium with a flat interface and a roughness correction. The roughness correction is obtained through an integration of the surface power spectral density weighted by the weighting functions, which are distinct for each polarimetric quantity. Studies of these weighting functions therefore allow the physics of rough surface thermal emission to be examined independent of the particular surface power spectral density and are considered in the next section.
IV. STUDY OF WEIGHTING FUNCTIONS FOR ISOTROPIC SURFACES
To simplify the analysis, assume that an isotropic surface is considered (i.e., one with no directional properties) so that and brightnesses are zero [2] and so that the roughness correction becomes illustrating that the weighting functions do not explicitly depend on frequency if length scales relative to the electromagnetic wavelength (i.e., and ) are considered. Fig. 2(a) indicates a dependence on the surface variance, while represents a function that weights the spectrum in computing the surface slope variance. Fig. 2 (a) and (c) both show the "critical phenomena" effects [17] observed in the homogeneous medium case, and the vertical lines included in plot (c) mark the boundaries of the region within which critical phenomena can occur. As in the homogeneous medium case, Fig. 2 (c) demonstrates that length scales both much larger than or comparable to the electromagnetic wavelength can contribute to the roughness-induced correction through . The importance of contributions, however, depends strongly on the magnitude of the product. To clarify the relationship between emission for a rough surface bounding, a two layer medium versus a homogeneous medium, Fig. 3 (a)-(d) illustrate the same functions as in Fig. 2 , except that is modified to equal , so that a homogeneous medium exists below the rough surface. Note the dramatic change in plot (a), as the constant-valued weighting functions for small no longer occur since . Thus, with a homogeneous medium, a surface height variance-dependent term is not obtained, resulting in a small slope approximation [7] . As is evident from Fig. 2 (a) however, height-dependent terms do not vanish in the layered medium case, and the theory remains a small height expansion. Note also that the magnitude of the height variance-dependent correction is determined by , which remains a function of the layered medium properties. Thus, convergence of the series is not determined by rough surface parameters alone. An estimate of the accuracy of the second order correction for surfaces with small slopes can be obtained by examining the magnitude of the product. Small values of this product ( 0.025) should indicate that the second order theory provides reasonable answers, while larger values may require a higher order theory in order to obtain accurate predictions. Fig. 4 plots for the two layer medium above as a function of . Note the periodic increases that occur. A reasonable prediction of roughness-induced corrections can still be obtained for depths at which becomes large, but a correspondingly smaller surface height variance would be required. A verification of the suggested convergence test was performed through comparison with a numerical solution of the SPM equations as described in [18] , which enabled the fourth order correction to be determined. Choosing [or equiva-
lently, ] was found in several tests to provide fourth order corrections significantly smaller than second order, although cases in which vanishes remain problematic and require careful consideration. Tests of the higher order theory indicate that a small slope expansion is not necessarily achieved when vanishes unless the physical configuration approaches that of the homogeneous medium (i.e., region one becomes sufficiently lossy to obscure reflections from region two.)
V. STUDY OF WEIGHTING FUNCTIONS FOR ASYMMETRIC SURFACES
For surfaces that are not symmetric in azimuth, brightness temperatures become a function of the radiometer azimuthal observation angle and , and polarimetric brightnesses become nonzero. In this case, the roughness-induced correction is (67) where , , , or . The above expression can be simplified as described in [17] through an expansion of both and into Fourier series in azimuth. It is also assumed that the surface spectrum contains only even cosine harmonics. The resulting expression for the roughness-induced correction is shown in (68), at the bottom of the page, where (68) the upper row applies for and brightnesses, while the lower row applies for and . In the above equation (69) and is also a function of , , , and , while
Equation (68) demonstrates that particular azimuthal harmonics of polarimetric brightness temperatures [i.e., the and terms] are given by integrals of a distinct weighting function for each azimuthal harmonic ( ), multiplied with the corresponding surface spectrum harmonic . Under these definitions, the zeroth harmonic weighting functions are identical to those considered in Figs. 2 and 3 . Fig. 5 plots the second harmonic weighting functions for and and for and versus for the case considered in Fig. 2 . Plot (a) in this figure illustrates the magnitudes of the second harmonic weighting functions in dB, while plot (b) illustrates their signs. Note again the four sign functions are shifted in steps of 3 to allow the curves to be more easily distinguished. The constant-valued weighting functions for small observed in Fig. 2 are not obtained in this case, indicating that the second order SPM produces a surface slope-dependent term for second azimuthal harmonics. Plots (c) and (d) of Fig. 5 illustrate the weighting functions divided by , as in plots (c) and (d) of Fig. 2 and confirm the slope dependence. A slope rather than height dependence for azimuthal harmonics with 0 would be advantageous, particularly in studies of sea surface emission. However, further tests with the numerical SPM solution (again, implemented following the procedure in [18] ) showed that azimuthal harmonics with 0 depend directly on the surface height variance at fourth and higher orders. Thus, the theory remains an expansion in surface height for all azimuthal harmonics of surface brightness temperatures, even though the second order prediction of azimuthal harmonics with 0 does not directly involve the surface height variance. Predictions of the second order theory for second harmonic coefficients were found adequate in cases for which the convergence requirement specified in Section IV was satisfied.
VI. SAMPLE RESULTS
To illustrate the influence of layered media on roughness-induced emission corrections, sample brightness temperatures are considered in this section. Fig. 6 illustrates results for surfaces with 283 K and with an isotropic, Gaussian roughness spectrum, completely characterized by the root mean squared (rms) surface height and correlation length parameters. Note a Gaussian roughness spectrum is not necessarily realistic for soil surfaces, but is commonly applied in theoretical studies due to its simplicity. Roughness induced brightness temperature corrections for the two layer medium considered in Fig. 2 . Note the significant differences observed, both in the amplitude of roughness corrections and in their variations with observation angle. Homogeneous medium roughness corrections plotted in Fig. 6 are multiplied by ten to make their variations more clear. Height-dependent factors for all the cases shown were found to be 0.006, so that the second order correction should be accurate. Clearly, the presence of a layered medium below a rough interface can cause large changes in the influence of surface roughness on the medium boundary. Brightness temperatures for the flat surface medium are of course significantly different in the homogeneous and layered medium cases as well. Fig. 7 illustrates the dependence of roughness induced emission corrections on layer depth . The configuration is the same as that of Fig. 6 and for polar observation angle 30 . Note the oscillatory pattern observed versus depth, indicating the presence of coherent effects that are not disrupted by the small roughness used. Homogeneous medium roughness corrections for this case are less than 0.02 K in both polarizations. Fig. 8 plots second harmonic coefficients of brightness temperatures versus observation angle for surfaces with an anisotropic Gaussian roughness spectrum with 0.02 , 0.5 , and , where and represent the correlation lengths in the and directions, respectively. Parameters of the layered medium are the same as those of previous examples, and again layered medium results are compared with those of a homogeneous medium. In this rougher surface case, height dependent factors remain 0.025 for all cases illustrated, so that second order theory predictions should be reasonable. Again the results show that the presence of a layered medium can cause significant changes in azimuthal variations of brightness temperatures, although the differences are smaller than those of Fig. 6 due to the absence of a height variance dependence in the second order prediction of second harmonic coefficients.
VII. CONCLUSIONS
Expressions for slightly rough surface-induced corrections to layered medium thermal emission have been derived through the small perturbation method in this paper. Results show that an expansion in surface height, as opposed to surface slope, is obtained, but accurate predictions can still be computed from the theory as long as the specified convergence rules are followed. The theory can be applied to problems in the remote sensing of soil moisture, sea ice, or sea surfaces to assess the effect of surface roughness on layered medium brightness temperatures. Typically, surface roughness corrections are expected to be small in microwave passive remote sensing, but current sensors are sufficiently accurate to observe these variations in many cases. Understanding and including rough surface effects in retrieval models can therefore potentially lead to more accurate sensing of layered medium parameters. The modification proposed in [12] for modeling scattering from a finite size object buried beneath an interface can also be applied in the emission equations to produce an approximate emission theory for a finite object buried beneath the ground. Studies of microwave radiometry for buried object detection like those of [10] , [11] , but including rough interface effects can therefore also be performed with the theory developed.
Finally, note that the change from a small slope to small height theory in the layered medium case raises some interesting issues, in particular regarding the magnitude of a change in permittivity in the medium required to introduce a significant height dependence. This question can be important in studies of sea surface remote sensing, since the height variance of sea surfaces is typically very large with respect to the wavelength at higher microwave frequencies, making a small height theory of sea surface emission impractical. The convergence expressions proposed can be applied to address these questions for a specified layered medium, but a more accurate emission theory will be needed in cases for which the convergence requirements are not satisfied.
